Monolayers of transition metal dichalcogenides (TMDCs) exhibit an exceptionally strong Coulomb interaction between charge carriers due to the two-dimensional carrier confinement in connection with weak dielectric screening. High densities of excited charge carriers in the various band-structure valleys cause strong many-body renormalizations that influence both the electronic properties and the optical response of the material. We investigate electronic and optical properties of the typical monolayer TMDCs MoS2, MoSe2, WS2 and WSe2 in the presence of excited carriers by solving semiconductor Bloch equations on the full Brillouin zone. With increasing carrier density, we systematically find a reduction of the exciton binding energies due to Coulomb screening and Pauli blocking. Together with excitation-induced band-gap shrinkage this leads to redshifts of excitonic resonances up to the dissociation of excitons. As a central result, we predict for all investigated monolayer TMDCs that the Σ-valley shifts stronger than the K-valley. Two of the materials undergo a transition from direct to indirect band gaps under carrier excitation similar to well-known straininduced effects. Our findings have strong implications for the filling of conduction-band valleys with excited carriers and are relevant to transport and optical applications as well as the emergence of phonon-driven superconductivity.
INTRODUCTION
Monolayers of transition metal dichalcogenide (TMDC) semiconductors can be used as a novel active material in optoelectronic devices such as ultrasensitive photodetectors [1] , light-emitting diodes [2] [3] [4] [5] , solar cells [2, 3] , and lasers [6] [7] [8] [9] . Of fundamental interest is also the possibility to combine individual two-dimensional materials in functional van der Waals-heterostructures [10] , and the selective optical addressability of bandstructure valleys as a new degree of freedom. [11] Fascinating prospects arise from the possibility to engineer electronic and optical properties by manipulation of the Coulomb interaction in atomically thin materials [12] [13] [14] [15] [16] . Modifications of the dielectric environment as well as the application of strain can change the band structure by hundreds of meV.
An equally important, but less recognized source of screening is provided by charge carriers that are created by doping or excitation. Carrier doping in TMDCs is often described in terms of K and K' valleys, in the context of Fermi polarons [17] , the valley Zeeman effect [18] , optical properties [19] or band-gap renormalization [20] . It is widely recognized that in tungsten-based compounds the conduction band corresponding to dark interband transitions is split off and drains carriers from the bright transition [21, 22] . A frequently overlooked property of the Σ-valley, halfway between K and Γ, is that it may energetically shift below the K-valley under carrier doping [23] thus competing with the K-valley for excited carriers. The carrier density, at which this effect becomes relevant, is determined by the energetic distance of the valleys in the ground-state band structure of the material. The shift of the Σ-valley relatively to the K-valley facilitates a Lifshitz transition that enables phonon-driven superconductivity of monolayer TMDCs [24] . Therefore, a quantitative understanding of the valley shifts provides access to carrier-doping densities at which superconductivity is expected. The "directness" of the gap is also subject to strong variations depending on the lattice constant and strain [25] as well as the TMDC material. Therefore, under carrier excitation the Σ-valley may have a strong influence on the Fermi level, which is a central quantity especially at low temperatures, and therefore on transport properties and optoelectronic properties like gain [26] .Optical properties are not only affected by the single-particle electronic states, but also by two-particle interaction processes that yield a strong response due to excitons. Exciton binding energies as large as 0.6 eV have been predicted and experimentally observed in MX 2 monolayer materials [27] [28] [29] [30] . Phase-space filling and screening can drastically change the binding energy in a way that is different to band-structure renormalizations. [28] In the present work, we provide systematic insight into the single-and two-particle properties of the four most commonly investigated TMDC semiconductors MoS 2 , MoSe 2 , WS 2 , and WSe 2 in the presence of excited carriers. We discuss conditions for a direct-to-indirect bandgap transition and provide signatures that can be used to identify this transition in experiments both relating to single-particle properties, such as photoemission spectroscopy, and optical properties via photoluminescence. The direct-to-indirect transition is mostly driven by electron-hole exchange interaction among excited car-riers. Electron-hole exchange is very strong in TMDC semiconductors [31] , yet up to now it has only been discussed in the context of exciton fine structure. [31, 32] Our results provide new insight into the validity of assuming a direct band gap for the monolayer TMDCs for given excitation scenarios and into the intrinsic differences between the four materials. We compare relative valley shifts obtained from a state-of-the-art many-body theory using a frequency-dependent GW self-energy, a selfenergy in static approximation, and semi-local exchangecorrelation potentials from DFT. Thereby we confirm that the direct-to-indirect transition is well-described already on the level of a statically screened self-energy.
MODELLING THE EXCITED-STATE PROPERTIES OF MONOLAYER TMDCS
Our theoretical description of TMDC monolayers uses the formalism of semiconductor Bloch equations (SBE) in combination with ab-initio calculations for the groundstate properties. These equations provide access to the optical properties of semiconductors based on materialrealistic band structures and interaction matrix elements and are able to describe effects of excited charge carriers on the materials' response. Scattering processes due to carrier-carrier Coulomb or carrier-phonon interaction can systematically be included to account for dephasing of optical transitions. In this work we aim for an investigation of the charge carrier distribution, band-structure renormalizations, and optical properties in response to a weak optical probe field. We do not consider dynamics of charge-carrier populations, but focus on the time window following the excitation and relaxation of electrons and holes, e.g., by an ultra-short laser pulse preceeding the probe pulse. For a sufficiently long delay between pump and probe pulse, the latter will record a response to a thermalized charge-carrier distribution with a given density and temperature before recombination sets in.
The SBE including interaction-induced dephasing due to carrier-carrier-interaction, described in GWapproximation, are derived in the Appendix. There we also outline how to obtain the static limit, or screenedexchange Coulomb-hole approximation (SXCH), of the theory, which considerably simplifies the numerical evaluation. Our theoretical description of the optical properties of TMDC semiconductors is based on equations of motion for the electron-hole interband transition amplitudes ψ he k (t), which are driven by the weak optical probe field E(t)
( 
are given in the Appendix. Band structures ε 0,λ k of the optically relevant lowest conduction and highest valence bands are obtained from a G 0 W 0 -calculation as described in Ref. 28 . The valence-and conduction-band splitting caused by spin-orbit interaction is considered along the lines of Ref. 33 and 28, including first-and second-order effects. To take into account dielectric screening by the environment, we use the Wannier function continuum electrostatic (WFCE) approach described in Ref. 34 that combines a continuum-electrostatic model for the screening with a localized description of Coulomb interaction provided in Ref. 16 . The band structure is renormalized due to many-body Coulomb interaction among excited carriers. Screening of the Coulomb interaction by excited electrons and holes is treated in the long-wavelength limit, see the Appendix. In the same way as the singleparticle properties, light-matter interaction is renormalized by many-body Coulomb effects. This is described in Eq. (1) via the coupling of the interband transition amplitudes ψ he k for different carrier momenta k mediated by the screened Coulomb interaction. This coupling gives rise to the presence of excitonic resonances in the optical response. In this sense, single-particle and two-particle properties act together in the materials' optical response that is accessible via the macroscopic polarization
. From the Fourier transform of P(t) and the weak optical probe field E(t), the imaginary part of the linear optical susceptibility χ(ω) = P (ω)/E(ω) provides access to the absorption spectrum. In the next two sections we focus on the single-and two-particle results, respectively. Starting with singleparticle properties, we take a closer look at bandstructure renormalizations and single-particle populations in the full Brillouin zone. Proceeding to twoparticle observables, we analyze exciton binding energies and optical absorption spectra.
In the following, we analyze the band-structure renormalizations and populations in freestanding MoS 2 , MoSe 2 , WS 2 and WSe 2 monolayers as a function of the electron-hole pair densities. We further consider the case of either electron or hole doping. As a general trend, renormalization effects lower the conduction bands and raise the valence bands, as described by the SXCH self-energy given in Eq. (29) .
More subtle yet important details are revealed from the momentum dependence of these effects. First, one has to consider the differences between the band structures of the four materials in their ground state and the implications for quasi-thermal populations of carriers in the Brillouin zone. As shown in Fig. 1 
0 have an intrinsically indirect band gap at the K-point. This leads to a drain of charge carriers from K to Σ, see Fig. 1f and 1h. In comparison, MoS 2 and WS 2 show a direct band gap, although the indirect band gap at Σ has only a slightly larger gap energy. This leads to almost equal populations in the conduction-band K and Σ-valleys. On the other hand, both tungsten-based TMDCs have a larger energy difference between Σ/Σ as well as between K/K', which results in small occupancies of Σ in WS 2 and WSe 2 . Additionally, one has to consider the different spin-orbit splitting for MoS 2 and WS 2 . For WS 2 the conduction-band splitting is larger than for MoS 2 and also of opposite sign, which means that the lowest possible transition in WS 2 is spin-forbidden. This results in intrinsic loss of electrons at K for bright transitions in tungsten-based compounds. As no Σ-valley exists in the valence band, the holes gather solely at K and K'. For MoS 2 and WS 2 there are small hole occupancies in the Γ-valleys as well, as the Γ-point is renormalized more strongly than the K-point similar to tensile-strain effects [25, 35] . However, this fact is less relevant than for the Σ-point, as the initial separation between K and Γ is larger. High occupancies at K and Σ have been observed in several recent experiments using angularresolved photoemission spectroscopy (ARPES) [36] [37] [38] . Band-gap and binding-energy shrinkage on the order of several 100 meV observed in optical spectroscopy have also been reported [39] .
Eq. (29) allows us to reveal the mechanisms that are responsible for the stronger shift at Σ compared to K and the resulting direct-to-indirect band-gap transition for MoS 2 and WS 2 . Two mechanisms provide momentumdependent energy renormalizations affecting screenedexchange and Coulomb-hole contributions (SX and CH, intraband interaction) as well as the interband electronhole-exchange separately as illustrated in Fig. 2 . Hartree renormalizations turn out to be small compared to all other contributions and are thus not discussed explicitely. The first mechanism arises from the valley dependence of the involved Coulomb matrix elements [28, 33] . Differing orbital characters of the involved Bloch states in the K- given by are proportional to the carrier populations shown in Fig. 1 . The absence of hole population outside the K-valley implies that a weighting of Coulomb matrix elements by hole populations occurs only at K. This means that the redshift due to electron-electron exchange interaction at Σ is barely compensated by any blueshift due to electron-hole exchange interaction, while at K electron-hole exchange yields a strong blueshift. The latter is favored by the fact that electron-hole exchange is practically insensitive to screening, see the discussion in the Appendix. As a result for the conduction band, additionally to the more or less rigid Coulomb-hole shift, Σ and K' are shifted downwards and K is shifted upwards. Numerical results of this behaviour are shown in Fig. 3 . On the other hand, valence-band renormalization occurs mostly in the vicinity of the K-valley. Here, the upper valence band (lower hole band) is renormalized more strongly than the lower valence band due to larger hole populations, which leads to an enhancement of the effective spin-orbit splitting at the K point. The enhancement amounts to approximately 40 meV for all four materials at a hole density of 3.2 × 10 13 cm −2 . As 
. The screened electron-electron exchange interaction (SX) shifts Σ downwards more strongly than K, while the unscreened electronhole exchange (U) pushes K upwards. Note the different energy scales. Fig. 3 shows, our calculations predict renormalizations on the order of 500 meV for elevated densities. There is an increasing shift at Σ relative to K in the conduction band due to the reasons explained above, the energy difference being labeled ∆ KΣ . As summarized in Fig. 4a , all materials show the same tendency to become (more) indirect semiconductors with increasing excitation density. This strongly influences optical properties like photoluminescence yield and gain, which are both sensitive to the combined populations of electrons and holes at the direct band gap. [25, 26] The relative valley shifts are not only relevant for optical properties but also determine the onset of superconductivity in electron-doped TMDCs. It is believed [23] that phonon-driven superconductivity sets in as soon as both, the K-and Σ-valley become populated with electrons. In this context the shifts of conduction-band valleys in n-doped TMDCs have so far been analyzed using DFT [23, 24] . A comparison of the results we obtained in SXCH approximation plus electron-hole exchange to DFT calculations in LDA and GGA, respectively, for the case of n-doping is shown in Fig. 4b . We observe that the SXCH approximation predicts stronger relative valley shifts at low densities, while the shifts obtained from DFT calculations become stronger at densities above 5 × 10 13 cm −2 . A central reason for this discrepancy is that screening due to excited carriers is treated differently in DFT and the diagrammatic SXCH approximation. The strong impact of electron-hole exchange on the energy difference ∆ KΣ is illustrated in Fig. 5 , where we directly compare the effects of photodoping, n-doping and p-doping. In n-doped materials, the exchange interaction always leads to redshifts of the band structure as there is no additional positive shift at K due to the missing holes in the valence band. Hence the overall direct-to-indirect effect is weakened compared to photo-doped materials. On the other hand, the effect is more pronounced for p-doped materials, as there is a large positive shift at K in the conduction band due to the interband electron-hole exchange but no screenedexchange shift due to electrons. The results suggest that an initially n-doped monolayer TMDC might by driven beyond the Lifshitz transition by slight photodoping due to the strong electron-hole exchange. We thus speculate that photodoping might be a means to optically induce superconductivity in atomically thin TMDCs.
All results discussed so far are obtained treating carrier-carrier interaction in static (SXCH) approximation. Calculating band-structure renormalizations on the level of a frequency-dependent GW approximation (e.g. including dynamical screening) according to Eqs. (13) and (16) increases the numerical effort significantly. A comparison of results from static and frequencydependent calculations reveals that the direct-to-indirect transition is also observed in the more elaborate theory, see Fig. 6 . Both, static and full GW-approximation of the Coulomb interaction lead to stronger renormalizations at Σ than at K, as the main source of this effect is the bare electron-hole exchange. The overall quantitative agreement is very good, which confirms the validity of the static approximation. 
TWO-PARTICLE PROPERTIES
The full solution of the SBE combines the singleparticle renormalizations with the attractive electronhole interaction to yield the absorption spectra shown in Fig. 7a to 7d . The A and B exciton lines separated by spin-orbit splitting are the dominating low-energy peaks. The excitons in general show a redshift with increasing carrier density as the result of two competing effects: on the one hand the quasi-particle band gap shrinks due to the above-discussed renormalizations (marked by vertical lines in the plots). On the other hand the exciton binding energy decreases due to screening of the Coulomb interaction as well as Pauli blocking in the presence of excited carriers as shown in Fig. 7e . The exciton binding energies of freestanding monolayers on various substrates are presented in Tab. (). We find them to be in the range of 0.5 to 0.6 eV in agreement with literature [27] [28] [29] [30] . The Mott transition for the four materials can be determined from the zero-crossing of the density-dependent exciton binding energy. Our calculations yield densities around 3 × 10 12 cm −2 for MoX 2 and 1 × 10 12 cm −2 for WX 2 . We note that recently slightly higher densities have been predicted using a many-body theory including frequencydependent screening [16] , which indicates that the bandgap shrinkage obtained from a static calculation should be seen as an upper bound.
For TMDC monolayers on a substrate, the renormal- 
exc − 1). For WS 2 the band-gap shift reduces to a maximum value of about 570 meV compared to 940 meV for freestanding WS 2 . The difference in energy shift between K and Σ is almost unaffected by environmental screening in the case of photoor p-doping, since electron-hole exchange involving bare Coulomb matrix elements is the main source, see also the discussion of electron-hole exchange in the Appendix. Hence, environmental screening slows down the directto-indirect transition process only slightly. Like for the single-particle properties, renormalizations of the optical spectra in the presence of substrates are in general similar to the case of freestanding TMDC monolayers, as excitons still maintain a redshift under increasing carrier density.
In general, excited carriers can be present in the form of an unbound (quasi-free) electron-hole plasma or as bound excitons [16, 43] . Above the Mott transition bound excitons cannot exist whereas below the Mott transition both phases can coexist. In this case, we in principle have to take into account renormalization effects due to excitons and unbound carriers separately. The contribution of bound excitons to single-particle renormalizations and screening is typically much smaller than contributions from unbound electrons and holes. Hence our results should represent a good approximation as long as all carrier densities are interpreted as the ionized fraction of a total electron-hole pair density that includes both phases. We illustrate this effect using the example of monolayer WS 2 on a SiO 2 substrate by rescaling the densities used to solve the SBE according to the fraction of ionized carriers given in Ref. 16 . Thereby we relate our results to the total electron-hole pair density that contains quasi-free carriers and carriers bound as excitons. The results shown in Fig. 8 [44] except in the regime of high excitation, where a blueshift of the exciton resonance due to excitonexciton interaction is observed. The rescaling of carrier density relies on the assumption of a quasi-equilibrium situation of photoexcited carriers, which is valid in a time window where excitons have formed out of excited electron-hole pairs and recombination has not yet set in. In this case, below the Mott transition, the fraction of unbound electrons and holes is determined essentially by exciton binding energies, the total electron-hole pair density, and the temperature [43] . The consistent theoretical treatment of the coexisting exciton and plasma phases requires to go beyond the GW-approximation.
CONCLUSION
We have used the SBE approach to analyze single-and two-particle properties of MoS 2 , MoSe 2 , WS 2 and WSe 2 under optical excitation of electrons and holes as well as under doping of either carrier species.
The many-body band-structure renormalizations under various excitation conditions are determined. Their magnitude is a combined effect of the orbital character of Bloch states and electron and hole populations in the different band-structure valleys. The resulting overall tendency is a direct-to-indirect transition of all considered monolayer TMDCs, which is mainly driven by the electron-hole exchange interaction. This implies a loss of FIG. 8 . a) Absorption spectra of WS2 on SiO2 at T = 300 K given for total excited-carrier densities that include bound and quasi-free (unbound) electrons and holes. b) Relative oscillator strength of the A-exciton as a function of the total carrier density (red line) and the free carrier density (blue line). The free-carrier fraction of the total density is calculated assuming a quasi-equilibrium situation.
charge carriers from the K-to the Σ-valley. The loss is more significant for the molybdenum-based compounds, where the energetically lowest interband transition at K is optically bright. Hence if the system is highly excited, the advantage of a semiconducting monolayer with a direct band gap slowly disappears. In particular, the Σ-valley has to be taken into account explicitely when describing the materials under the influence of excited carriers. Similar to strain effects, this tendency is expected to cause a quenching of PL intensity for high excitations [25] and to hamper population inversion at the K point.
Due to the carrier-population dependence of electronhole exchange, p-and n-doping lead to different renormalizations. For p-doping the direct-to-indirect transition is more pronounced as holes gather mostly in the Kvalley. They drive a strong blue shift of the conductionband states at K via electron-hole exchange, while there is no Σ-valley for holes and therefore no corresponding blue shift. The relative valley shifts at K and Σ are comparably weak for n-doping as there is no hole population. These conduction-band renormalization effects have strong implications for the carrier densities at which a Lifshitz transition enabling phonon-driven superconductivity is expected. A comparison of the explicit carrier-carrier interaction results to DFT calculations reveals that for n-doping the relative valley shifts in DFT are overestimated at high densities, while they are underestimated at low densities. To correctly predict critical carrier densities for phonon-driven superconductivity in monolayer TMDCs, electron-hole exchange and/or plasma screening of electron-electron exchange has to be taken into account. Our findings suggest that in n-doped monolayer TMDCs slight photodoping would facilitate a Lifshitz transition via electron-hole exchange, which might be a means to optically induce superconductivity in two-dimensional materials. On the other hand, pdoping leads to an enhancement of the effective valenceband spin-orbit splitting at the K point by tens of meV due to different renormalizations of the upper and lower valence band.
The competition between the shrinkage of the quasiparticle band gap and the plasma-screening-induced reduction of the exciton binding energy leads to a redshift of exciton resonances on the order of 100 meV, while bleaching is observed due to phase space filling. The intricate interplay of many-particle renormalizations in the presence of excited carriers remains strong also in the presence of substrates and environmental screening effects. Our results are, therefore, highly relevant for any situation that involves doping and/or electrical or optical excitation of TMDC semiconductors.
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APPENDIX Screening
For excited semiconductors, we have to take into account two contributions to screening described by the polarization Π = Π b + Π exc , which acts as a self-energy for the screened Coulomb potential. The first term is the "background" polarization of the unexcited semiconductor while the second is due to electrons and holes that are introduced by doping or optical excitation. The contributions to screening are described by longitudinal dielectric functions ε b and ε exc , respectively. By virtue of the background dielectric function, the bare Coulomb interaction U is turned into the screened interaction V according to the Dyson-type matrix equation [34, 45] 
with Coulomb matrix elements U αβ q = U αββα q calculated in a localized Wannier orbital basis k, α where k is a wave vector from the first Brillouin zone. The dependence of U on only one quasi-momentum is due to the assumption that the Wannier functions are strictly localized to a single unit cell. The orbital basis may be chosen to represent the desired subspace of valence and conduction bands denoted by λ via a unitary transformation [28] 
where c λ α,k is the expansion coefficient of the Bloch state k, λ in the orbital basis. In the following we assume that Coulomb matrix elements are independent of carrier spin. The Coulomb interaction is further modified by excited-carrier screening thus yielding the fully screened interaction W :
In a similar way, the electron self-energy can be split into background and excited-carrier contributions, Σ = Σ b + Σ exc , for which we use the GW scheme. The simplest approximation to the background polarization that is moreover consistent with this choice of self-energy [46] is the Random Phase Approximation (RPA), in which we obtain [45] 
A is the crystal area, f λ k are the electron occupancies taking the value 1 for valence and 0 for conduction bands, respectively, and ε DFT,λ k are single-particle energies without many-body renormalizations as approximately obtained from density functional theory (DFT) [47] . As the background polarization includes only inter-band transitions, it is well-justified to work with the corresponding dielectric function in the static limit given by ω = 0 when describing intraband processes involving excited electrons and holes. Material-realistic static background dielectric functions for TMDC monolayers are obtained as described in Ref. 16 . The frequency dependence becomes important for energies above the single-particle band gap, which we discuss for a specific example in the next section. The dielectric function ε exc due to excited carriers is defined by Eq. (5):
To simplify numerical calculations, we use a macroscopic dielectric function by setting ε
q (ω)δ α,β and using a static Coulomb potential V q that is averaged over all elements of the Coulomb matrix in orbital representation. This corresponds to neglecting local-field effects in the dielectric function, which is justified for a plasma of excited electrons and holes that behave like quasi-free carriers [48] . In this case, we obtain the familiar Lindhard formula
The energies ε 0,λ k contain only renormalization effects due to carriers in the ground state as described by the Green function G 0,λ k . The latter is determined by the self-energy Σ b via a Dyson equation in quasi-particle approximation
and obtained for example from a first-principle GW calculation together with V . The corresponding electron and hole occupancies f 0,λ k are given by Fermi functions that are determined by the temperature as well as electron and hole chemical potentials in the quasiequilibrium state under consideration. We neglect interband processes in Eq. (8) as the dielectric response due to excited electrons and holes is dominated by intra-band processes that lead for example to plasmonic phenomena. The static limit is obtained by setting ω = 0, and the dielectric function in Debye approximation follows the long-wavelength limit q → 0:
with effective masses m λ ν in the valley ν.
Semiconductor Bloch equations in GW-approximation
We decribe the two-particle properties of excited TMDC semiconductors using the semiconductor Bloch equations (SBE) for the microscopic interband polarizations ψ he
(t) in the electronhole picture. In this section we derive and discuss the SBE, as well as the corrsponding quasi-particle renormalizations, on the basis of a frequency-dependent GW self-energy. A static version of the BSE that is computationally less demanding is given in the subsequent section. The SBE can be derived using nonequilibrium Green function techniques [49] [50] [51] , assuming two conduction and two valence bands to be included in the excitedcarrier self-energy Σ exc :
The SBE are equivalent to a Dyson equation schematically given by
0 +d·E−Σ exc for the SchwingerKeldysh Green function G that takes the place of the causal Green function in zero-temperature theory. In Eq. (11), f λ k (t) = −i G <,λ k (t, t) are single-particle state occupancies and d eh k is the dipole matrix element describing light-matter interaction with the semiclassical electric field E(t). ε
k (t) are single-particle band structures in Hartree-Fock approximation, while the collision terms on the right hand side account for many-body interaction effects beyond Hartree-Fock. The collision terms, which contain twotime Green functions G ≶ k (t, t ), are evaluated in GWapproximation to describe dephasing and higher-order renormalization contributions due to carrier-carrier interaction using the self-energy
Dephasing due to carrier-phonon interaction is included via a phenomenological constant γ El-Ph . The singleparticle occupancies in general obey their own equations of motion. In the limit of weak external optical fields, however, they are assumed to be in a stationary quasiequilibrium state with given temperature and carrier density that is either generated by prior optical excitation of the system or by doping with one carrier species. At the same time, in the weak-field limit, we may neglect all contributions in the collision terms that are nonlinear in interband polarizations. Then the SBE are equivalent to the well-known Bethe-Salpeter equation for excitons in dynamically screened ladder approximation [52, 53] . Considering a quasi-equilibrium state, it is convenient to transform the SBE into frequency space. To simplify the equations, we use a quasi-particle approximation for the single-particle Green functions with self-consistently determined quasi-particle energies that are given by
The corresponding quasi-particle broadening follows from the imaginary part of the Montroll-Ward selfenergy:
The Hartree and Fock self-energies, Σ H,λ k and Σ F,λ k , describe the instantaneous interaction of the single-particle state k, λ with all other conduction-and valance-band states, where the exchange interaction is limited to states with equal spin. Due to their instantaneous nature, these self-energies are frequency-independent, as can be seen for the electron-electron exchange:
In the fifth line we used the Kubo-Martin-Schwinger (KMS) relation for the lesser Green function [53] involving the single-particle spectral function
(ω) and the Fermi function f λ (ω). This leads to single-particle occupancies f KMS,λ k that are modified with respect to Fermi functions due to many-particle interaction effects. To be consistent with the quasiparticle ansatz (13) used to evaluate the collision terms, the Hartree-Fock self-energy should involve Lorentzian spectral functions. Yet as the long-range tails of the Lorentzian spectral functions impede the numerical evaluation, we replace them by Gaussian spectral functions with the same FWHM to capture the effect of quasi-particle broadening on single-particle occupancies at elevated densities. The Montroll-Ward self-energy Σ MW,ret,λ k (ω) contains all contributions to the GW selfenergy beyond the Fock term [16, 53] , the intra-band term being given by
in the electron-hole picture. n B (ω) is the Bose function and 2i Im W ret (ω) is the plasmon spectral function describing the excitation spectrum of the electron-hole plasma in terms of the retarded Coulomb interaction W ret , which corresponds to the fully screened interaction introduced in Eq. (5). All dielectric functions discussed in the following are retarded quantites as well. In Eq. (16) and the collision terms we discuss below, a frequency-dependent Fermi function remains under the integral hampering the numerical evaluation of these selfenergy contributions. Hence we systematically replace the variable frequency argument by the real part of the quasi-particle energy that minimizes the denominator, which yields f λ (ω − ω ) ≈ f λ k in Eq. (16) . So far we explicitely considered only intra-band renormalizations of the quasi-particle energy. However, interband renormalization terms play an important role in the direct-to-indirect gap transition in TMDC semiconductors that we discuss in the main text. The inter-band contribution to the GW self-energy for conduction-band electrons due to valence-band electrons is given bỹ
where we replace the KMS occupancies by Fermi functions in the exchange term for simplicity. Here, the selfenergy is split into a bare exchange term and a correlation term that contains background as well as excitedcarrier contributions, which is formally equivalent to typical first-principle implementations of the GW self-energy [47] . Introducing hole occupancies f
k and assuming that all contributions belonging to f h k = 0 are already included in the ground-state band structure via Eq. (9) we obtain for the inter-band renormalization due to excited carriers:
In the electron-hole picture, the bare inter-band exchange term obtains a positive sign due to the opposite charge of electrons and holes. The correlation term is sensitive to the screened Coulomb matrix element at energies larger than the quasi-particle band gap and can thus not be described in a static limit. To quantify the effect of the inter-band correlation, we assume that intra-band contributions to screening are small at these frequencies and explicitely take into account only background screening. We numerically calculate the background dielectric matrix for MoS 2 using the RPA polarization (6) and DFT band structures as introduced in Ref. 28 with a phenomenological quasi-particle broadening of 10 meV. Although the DFT results involve only a relatively small subspace around the direct band gap, we assume that these bands yield the dominant polarization contribution at the frequencies of interest. Using the screened Coulomb interaction we evaluate the conduction-band renormalization, Eq. (19), with and without correlations as shown in Fig. 9 . Without correlations the results correspond to those in the top panel of Fig. 3 tion of about 30 % at the K-point, the overall behaviour of inter-band renormalizations is described already by the bare electron-hole exchange term. Hence for simplicity we approximate the inter-band renormalizations by
and a corresponding term for valence-band energies which can both be included in the Hartree-Fock energies ε 
The excitation-induced correlations that cause spectral shifts and lifetime broadening of optical transitions are here described in GW-approximation by the frequencydependent terms exc,k−k (ω ) ω − ε e k − ε h k + iΓ e k + iΓ h k − ω .
Static limit of SBE
As the SBE with full frequency dependence are computationally very demanding, we resort to a static approximation for most of the results shown in this paper. The validity of the static approximation is confirmed by comparing relative shifts of K-and Σ-valleys obtained from both theories for a representative case. In the static approximation, the frequency-dependence of dephasing is neglected, which simplifies the numerical evaluation considerably. This limit can be systematically derived by assuming that any excitation energy involving pairs of free (quasi-)particles, ω − ε λ k − ε λ k , in the correlation integrals (21) and (22) is small compared to characteristic energies ω occurring in the dielectric function. [52, 53] Then we obtain for example 
We use the relation
with the Cauchy principal value P, corresponding to the dispersion relation for the electronic susceptibility, for ω = 0. Since Im ε −1 q (ω) is an odd function of ω, the integrand has no pole at ω = 0 and the principal value becomes a regular integral. Furthermore, we use the fact that n B (ω) + 
Combining Eq. (23) with (24) and (25) All correlation terms become frequency-independent and real, hence collision broadening of exciton lines is not contained in static approximation. We summarize collision broadening due to carrier-phonon and carrier-carrier interaction into the phenomenological constant γ. In conclusion, the SBE in static approximation are given by ω −ε 
The energies contain the screened-exchange interaction (SX) term and the Coulomb-hole term (CH) involving the difference of Coulomb potential screened and unscreened by excited carriers. Due to the last two terms, this approximation is also termed screened-exchange-Coulombhole (SXCH) approximation.
